In the framework of Inflationary theory, the assumption that the quantum state of the perturbations is a non-vacuum state leads to a difficulty: non-vacuum initial states imply, in general, a large energy density of inflaton field quanta, not of a cosmological term type, that could prevent the inflationary phase. In this short note, we discuss in detail why this is so, keeping an eye on possible non-Gaussian features due to considering generic non-vacuum initial states.
Introduction:
The inflationary scenario is today the most appealing candidate for describing the early universe. It makes four key predictions: (i) the curvature of the space-like sections vanishes, i.e. the total energy density, relative to the critical density, is Ω 0 = 1, (ii) the power spectrum of density fluctuations is almost scale invariant, i.e. its spectral index is n S ≃ 1, (iii) there is a background of primordial gravitational waves (also scale invariant), and (iv) the statistical properties of the cosmic microwave background (CMB) are Gaussian.
Gaussianity for the CMB can be directly traced back to the standard lore that the quantum fluctuations of the inflaton field are placed in the vacuum state. Thus, one might want to test the robustness of this prediction in the case where the vacuum state assumption is relaxed 1 . However, assuming that the quantum state of the perturbations is a non-vacuum state immediately leads to the problem that a large energy density of inflaton field quanta is produced 2 . This results in a back-reaction problem that could upset the inflationary phase.
What we will see below is that one cannot directly conclude that this would prevent inflation from occurring altogether because, without a detailed calculation, it is difficult to guess what the back-reaction effect on the background would be. Such a detailed calculation is in principle possible by means of the formalism developed in Ref. 3 . To our knowledge, such a computation has never been performed. The calculation of second order effects is clearly a complicated issue and is still the subject of discussions in the literature, see 4 for example. Moreover there exist situations where it can be avoided, and this is in fact the case if the number of e-folds is not too large, as we explain below.
There exist other reasons to study non-vacuum initial states 5 . In particular, one could imagine that the inflaton field emerges from the trans-Planckian regime in a non-vacuum state. Detecting somehow the presence of these non-vacuum states would then be a signature of non standard physics and it seems interesting to consider this issue. From the theoretical point of view the simplest way to generalize the vacuum initial state, which contains no privileged scale, is to consider an initial state with a built-in characteristic scale, k b
1 . In what follows we discuss in detail the argument developed in Ref. 2 regarding the back-reaction problem. We show that any theory with a non-vacuum initial state has to face this issue. However, we also argue that it is not clear at all whether inflation will be prevented in this context. 2. Initial state for the cosmological perturbations and the back-reaction problem: Let us discuss the relevance of non-vacuum initial states for cosmological quantum perturbations. The argument of Ref. 2 is based on the calculation of the energy density of the perturbed inflaton scalar field in a given non-vacuum initial state. Since the perturbed inflaton and the Bardeen potential are linked through the Einstein equations, it is clear that they should be placed in the same quantum state. Let us consider a quantum scalar field living in a (spatially flat) FriedmannLemaître-Roberston-Walker background. The expression of the corresponding operator for the perturbations reads
where c k (η i ) and c † k (η i ) are the annihilation and creation operators (respectively) satisfying
, and where a(η) is the scale factor depending on conformal time η. The equation of motion for the mode function µ k (η) can be written
, where "primes" stand for derivatives with respect to conformal time. The above is the characteristic equation of a parametric oscillator whose time-dependent frequency depends on the scale factor and its derivative. The energy density and pressure for a scalar field are given by
We can now compute the energy and pressure in a state characterized by a distribution n(k) (giving the number n of quanta with comoving wave-number k) for a free (i.e. V = 0) field.
Let us denote such a state by |n(k) . Using some simple algebra and restricting ourselves to the high-frequency regime,
, where η i is some given initial conformal time, and subtracting the standard vacuum contribution, it is easy to find the expressions for the density and pressure in the |n(k) state 5
For a well-behaved distribution function n(k) this result is finite. Moreover, the perturbed inflaton (scalar) particles behave as radiation, as clearly indicated by the equation of state p = (1/3)ρ and as could have been guessed from the beginning since the scalar field studied is free. To go further, we need to specify the function n(k). If we assume that the distribution n(k) is peaked around a value k b , it can be approximated by a constant distribution of n quanta,
If the interval is not too large, i.e. ∆k ≪ k b then, at first order in ∆k/k b , we get
where N e is the number of e-folds counted back from the time of exit, see Fig 1. The time of exit is determined by the condition k phys ≡ k/a ≃ H inf , where H inf is the Hubble parameter during inflation. It is simply related to the scale of inflation, M inf , by the relation H inf ≃ M 2 inf /m Pl . We have also assumed that, during inflation, the scale factor behaves as a(t) ∝ exp(H inf t). From Eq. (4), we see that the back-reaction problem occurs when one goes back in time since the energy density of the quanta scales as ≃ 1/a 4 . In this case, the number of e-folds N e increases and the quantity n(k)|ρ|n(k) raises. This calculation is valid as long as n(k)|ρ|n(k) < ρ inf = m 2 Pl H 2 inf . When these two quantities are equal, the energy density of the fluctuations is equal to the energy density of the background and the linear theory breaks down. This happens for N e = N br such that
where we have assumed n∆k/(π 2 k b ) ≃ O(1). Interestingly enough, this number does not depend on the scale k but only on the Hubble radius during inflation H inf . This means that for each scale considered separately, the back-reaction problem starts to be important after the same number of e-folds N e = N br counted back from horizon exit (this is why in Fig. 1 , one has N br 1 = N br 3 for the two different scales λ 1 and λ 3 ). If, for instance, we consider the case where inflation takes place at GUT scales, M inf ≃ 10 16 GeV, then H inf ≃ 10 13 GeV and one obtains N br ≃ 7 in agreement with the estimates of Ref. 2 . If the distribution n(k) is not strongly peaked around a particular scale but is rather spread over a large interval, it is clear that the important mode of the problem is, very roughly speaking, the populated smallest scale (i.e. ≃ λ 1 in Fig. 1 ). In the following, this scale is denoted by λ pop . The value of this scale clearly depends upon the form of the distribution n(k). As it can be seen in Fig. 1 , λ pop is the scale for which the back-reaction problem shows up first, as we go backward in time, since the other modes with larger wavelengths have not yet penetrated deeply into the horizon and therefore do not yet face a back-reaction problem. As a consequence, this scale determines the total number of e-folds during inflation without a back-reaction problem.
Once the number N br has been calculated, the total number of e-folds during inflation without a back-reaction problem is a priori fixed. It remains to be checked whether this number is still sufficient to solve the usual problems of the hot big bang model. We now turn to this question. Let N * (λ) be the number of e-folds, for a given scale λ, between horizon exit during inflation and the beginning of the radiation era, see Fig. 1 . The total number of efolds of inflation without a back-reaction problem is then N inf ≡ N br + N * . The number N * is given by N * (λ) = ln(a 0 /a * ) − N r − N m , where a 0 and a * (λ) are the scale factor at present time and at first horizon crossing, respectively. The quantities N r and N m are the number of e-folds during the radiation and matter dominated epochs. The ratio a 0 /a * is given by (λ/ℓ H )H inf /H 0 , where ℓ H is the present day Hubble radius and H 0 is the present value of the Hubble parameter given by H 0 /m Pl ≃ 10 −61 . The quantities N r and N m are given by N r = ln(T rh /T eq ) and N m ≃ ln(z eq ) ≃ 9. T rh is the reheating temperature which can be expressed as T rh ≃ (Γm Pl ) 1/2 where Γ is the decay width of the inflaton. For consistency, one must have M inf ≥ T rh . T eq is the temperature at equivalence between radiation and matter and its value reads T eq ≃ 5 × 10 −9 GeV ≃ 5 × 10 −28 m Pl . The quantity N * (λ) can be expressed as
From now on, in order to simplify the discussion, we assume that the decay width of the inflaton field is such that T rh ≃ M inf . Under these conditions, the usual problems are solved if the number N inf is such that N inf (λ pop ) ≃ ln(λ pop /ℓ H ) + 29 × ln 10 > −4 + ln z end , where the quantity z end is the redshift at which the standard evolution (hot big bang model) starts. It is linked to the reheating temperature by the relation log 10 (z end ) ≃ 32 + log 10 (T rh /m Pl ). This gives a constraint on the scale of inflation, namely
It is known that inflation can take place between the TeV scale and the Planck scale which amounts to −32 < log 10 (H inf /m Pl ) < 0. We see that the constraint given by Eq. (7) is not too restrictive. In particular, if we take λ pop = 0.1ℓ H and H inf = 10 13 GeV, it is satisfied. However, if we decrease the scale λ pop , the constraint becomes more restrictive. The constraint derived in the present article appears to be less restrictive than in Ref. 2 because we do not assume that all scales are populated. Another condition must be taken into account. We have seen that the duration of inflation without a back-reaction problem is determined by the evolution of λ pop . However, at the time at which the back-reaction problem shows up, one must also check that all the scales of astrophysical interest today were inside the horizon so that physically meaningful initial conditions can be chosen. This property is one of the most important advantages of the inflationary scenario. If we say that the largest scale of interest today is the horizon, this condition is equivalent to
This condition is also not very restrictive, especially for large scales. As previously, the condition can be more restrictive of one wants to populate smaller scales. 3. Remarks: Let us summarize now. What it is shown above is that, roughly N br e-folds before the relevant mode left the horizon, we face a back-reaction problem, as the energy density of the perturbation n(k)|ρ|n(k) becomes of the same order of magnitude as the background ρ. So, before concluding that non-vacuum initial states may or may not turn off the inflationary phase, one should calculate the back-reaction effect, i.e., extend the present framework to second order as it was done in Ref. 3 . To our knowledge, this analysis is still to be performed. Moreover, even if we take the most pessimistic position, that is, one in which we assume that the back-reaction of the perturbations on the background energy density prevents the inflationary phase, there still exist models of inflation where the previous difficulties do not show up. Therefore, in the most pessimistic situation, there is still a hope to reconcile non-vacuum initial states with inflation. Admittedly, the price to pay is a fine-tuning of the free parameters describing inflation and/or the non-vacuum state.
